We present two phenonmenological subgrid-scale (SGS) models for large-eddy 
I. INTRODUCTION
Numerical resolution requirements limit applicability of direct numerical simulations (DNS) to turbulent flows characterized by relatively low Reynolds numbers. In DNS of incompressible flows a wide rage of dynamically important scales of motion must be resolved, including smallest, dissipative, Kolmogorov scales. Large-eddy simulations (LES) in which only large scales of motion are resolved while the effects of small, unresolved eddies are modeled, represent a viable approach to simulations of large-Reynolds-number flows.
Resolution requirements are even more stringent for compressible turbulent flows. In compressible flows the development of shocklets results in scales of motion proportional to the shock thickness which can be smaller than Kolmogorov scales. A detailed analysis of the properties of shocklets and their distribution as a function of the turbulent Mach number and the Taylor micro-scale Reynolds number was presented by Samtaney et al. [1] . To overcome the limitations imposed by computational resources that are available at present or will be available in the near future it is important to develop efficient subgrid-scale (SGS) models for LES of compressible flows.
Until recently most of the effort in subgrid modeling for LES was focused on incompressible flows. In incompressible flows only the anisotropic component of SGS stress tensor must be modeled. However, when compressible flows are simulated an energy conservation equation must be solved along with the momentum and the mass conservation equations.
Therefore, in addition to the anisotropic component of the SGS stress, the SGS kinetic energy and the SGS flux of internal or total energy must also be modeled. Yoshizawa [2] was among the first to formulate the subgrid modeling problem for LES of compressible flows.
He used direct interaction approximation approach to develop a model for SGS stresses including subgrid kinetic energy. Speziale et al. [3] defined Favre filters for LES of compressible flows by analogy to Favre averages for compressible Reynolds-averaged equations.
They showed that using Favre filters simplifies subgrid modeling problem. Speziale et al. [3] developed a mixed-similarity SGS model and used a priori test to evaluate its performance.
In one of the first attempts to carry out LES of compressible isotropic turbulence Erlebacher et al. [4] adapted the mixed-similarity SGS model. In their subgrid model in addition to pressure-divergence term Erlebacher et al. neglected the SGS kinetic energy. Zang et al. [5] continued the work of Speziale et al. studied the compressible decaying isotropic turbulence using DNS and LES. Moin et al. [6] extended dynamic subgrid model of Germano et al. [7] to compressible flows and tested it in LES of decaying isotropic turbulence. Both groups, Moin et al. and Zang et al., used Yoshizava's SGS kinetic energy energy model in their LES.
In this paper we present a development of two new subgrid models for LES of compressible turbulent flows. We adopt explicit modeling approach in which SGS stresses and fluxes are modeled phenomenologically. Our goal is to develop models that can be used in LES of flows with strong shocks. Such models must be simple to implement and independent of the geometry of the flow and the numerical scheme used in LES. They should also be compatible with the adaptive mesh refinement. We develop two models: a nonlinear model and a stretched-vortex model. The nonlinear model is an eddy-viscosity model initially developed and used for LES of incompressible high-Reynolds-number boundary layer flows by Kosović [8, 9] . This model is based on the nonlinear constitutive theory for viscous stresses. The stretched-vortex model of Misra and Pullin [10] was also initially developed and used for incompressible flow simulations [11, 12] . The stretched-vortex model is not an eddy-viscosity model but a structure-based model that has no adjustable parameters.
We test the nonlinear and the stretched-vortex model in LES of compressible decaying isotropic turbulence and compare results of these LES to corresponding DNS results. We use compact Padè differencing schemes of varying order of accuracy and analyze the effects of the order of the scheme on the LES results. We define filters implied by the compact differencing schemes and study the transfer of energy modeled by the SGS models as a function of implicit filters. and compare the results to those obtained in DNS. We also study the alignment of the eigenvectors of the modeled SGS stresses and compare them to a priori SGS stresses computed from DNS data.
II. FAVRE-FILTERED NAVIER-STOKES EQUATIONS
High-Reynolds-number flows are characterized by a large span of dynamically important scales of motion. In such flows it is impossible to resolve all the scales of motion from large integral lenghts scales to small Kolmogorov lenght scales on presently available computers.
However, most often we are interested only in the evolution of large, energy containing eddies since these eddies usually contribute the most to turbulent stresses and fluxes. The large-eddy simulation technique in which low-pass-filtered Navier-Stokes equations are solved represents a viable approach to simulating high-Reynolds-number flows. When compressible flows are considered Favre filters are used. A Favre filter of some field f is defined as:
Here, ρ denotes density and overbar denotes a filtered quantity such that:
Using Favre-filtered quantities as opposed to using filtered quantities defined in equation 2.2 simplifies filtered conservation equations. Favre-filtered continuity, momentum, and energy equations in conservative form are
3)
where
and the sub grid heat flux, q i is
The filtered equation of state isp
For LES, the terms which must be modeled are τ ij , the turbulent heat flux q i , the triple correlation u j u j u i − u j u j u i and the subgrid viscous work σ ij u j − σ ij u j . Two models for subgrid stress and subgrid flux are described in the section IV.
III. NUMERICAL SCHEME AND IMPLICIT FILTERING
We carry out a posteriori test our subgrid models by conducting LES of isotropic decaying turbulence on a periodic cubic domain. For these simulations we use general centered compact pade differencing schemes developed by Lele [13] . According to compact Finite difference approximation f of a derivative of f in one direction (e.g. x) is defined as:
By varying the coefficients α, β, a, b, and c we are able to vary the order of the scheme from the second order accurate scheme to the thenth order scheme with nearly spectral accuracy.
Notice for example that when in the equation above we set α = β = 0, and b = c = 0, second order centered differences are recovered. We use this property of compact differences to study the effects of the order of accuracy of the scheme on the results of LES.
Compact differencing schemes that we use are centered or symmetric and thus do not cause dispersive errors. However, dissipative errors are present and Lele analyzed them by definining a modified wavenumber. The modified wavenumber is a function of the wave number and the scheme under consideration. We point out that in the context of LES dissipative errors associated with compact differences can be viewed as the effects of an implicit filter. We can rewrite Eq. (3.1) in a matreix form as:
Here, f is a vector of node values of the funciton f on a grid with N grid points, while A Wavenumbers are denoted by k x and i is imaginary unit. On the right hand side of the Eq.
(3.4) we can recognize the Fourier transform of a derivative of f , ik xf . Finally, the Fourier tranfrom of the implicit filter G is:
IV. SUBGRID-SCALE MODELS
A. The stretched vortex subgrid-scale model
The stretched vortex model for LES of incompressible flows [10, 11] can, with some modifications, be extended to subgrid modeling for compressible flow. In this model it is assumed that subgrid motion is that produced by straight, nearly axisymmetric vortices [14] . The resulting subgrid stresses are
where K is the subgrid energy and e v i , i = 1, 2, 3 are the direction cosines of the subgrid vortex axis. The subgrid energy is estimated by assuming a Kolmogorov form of E(k) for the subgrid motion
where K 0 is the Kolmogorov prefactor, η = (ν 3 / ) (∂ũ i /∂x j + ∂ũ j /∂x i )/2 [10] . We estimate the product K 2/3 in (4.2) by utilizing an estimate of the local second-order velocity structure functions obtained from the six-point stencil surrounding each cell [15, 12] . We assume that both the SGS triple correlation and the viscous subgrid work terms are small and can be neglected compared to other retained terms. The subgrid heat flux term may not be small [16] and must be modeled. Presently we model q i by subgrid convection of a passive scalar taken as the temperatureT . We solve the passive-scalar convection equation in the frame of reference of the subgrid vortex and then calculate subgrid heat flux analytically. Using a random phase approximation to average fluxes over SGS fluctuating temperature we can obtain the tensor-diffusivity model [12] 
where ∆ is the local mesh size. Because K and e The nonlinear model for SGS stress is defined as
Here, S ij is a strain rate tensor andΩ ij is a rotation rate tensor. A natural extension of the nonlinear subgrid model to compressible flows includes modeling the isotropic component of the subgrid-scale stress tensor using the model developed by Yoshizawa [17] 
To distinguish between the exact subgrid-scale stress τ ij defined by equation 2.6 and the modeled stress we denote the modeled stress by M ij .
Model parameters can be determined considering homogeneous turbulent flows. Smagorinsky parameter, C s , and the nonlinear model parameter, C 1 , are determined so that the model provides correct inertial transfer of energy including the backscatter of energy in isotropic turbulent flows. We consider transfer of kinetic energy, T (k) through a wave mode
Here, is total dissipation and and denote its resolved and subgrid component, respectively. We define the the parameter of forward scatter, C f , and the backscatter parameter C b so that
The backscatter parameter was defined by Leslie and Quarini [18] as the ratio of the rate of backscatter of energy and the dissipation rate. Then, by definition the forward transfer
The transfer of energy from resolved to subgrid fields in LES is
Introducing the nonlinear SGS model given by Eq. (4.4) in Eq. (4.9) and using Eq. (4.6) it follows that
We use the following approximation
to arrive at
We assume that the turbulence is isotropic and use expressions for isotropic tensors
We use Kolmogorov form of the turbulent kinetic energy spectra to express the second and the third moment of the stream-wise velocity derivative as a function of the total dissipation, , and the cut-off wave number, k c :
Here, K 0 is Kolmogorov constant. We introduce skewness factor to relate the second and the third moment of the resolved stream-wise velocity derivative
Notice that the skewness factor, S(k c ), is a function of the cut-off wave number.
We define a parameter C r as a ratio of resolved and total dissipation rates. Under the assumption of isotropy this parameter can be estimated as
Notice that the parameter C r can be related to the ratio of the filter length scale, ∆, and Kolmogorov length scale, η, so that C r = (η/∆) 4/3 . After introducing expressions (??), (4.14), (4.15), and (4.16) into Eq. (4.12) it follows that
(4.17)
.
The nonlinear model parameter, C 1 , is inversely proportional to the fraction of unresolved dissipation (1−C r ). This would imply that it increases without the bound in a low-Reynoldsnumber limit as the flow becomes well resolved. However, the nonlinear model parameter, C 1 , is also directly proportional to the backscatter parameter. Since the SGS kinetic energy decreases as the resolved fraction of dissipation increases, the backscatter parameter must also decrease. Therefore we assume the following
The initial value of the backscatter parameter, C b0 , is the free parameter in the model.
The nonlinear model parameter C 2 is determined so that the model captures the normal stress effects observed in homogeneous sheared flows. Kosović [19] used the values of normal turbulent stresses measured in homogeneous turbulence subjected to the simple shear to find that
To model subgrid heat flux ϑ j we used a simple gradient diffusion model
Here, C p is the specific heat at the constant pressure and P r t is the subgrid turbulent Prandtl number. The nonlinear model was used in LES of compressible decaying isotropic turbulence. In these simulations the backscatter parameter was set to C b = 0.2.
V. RESULTS
A. Isotropic Decaying Turbulence
We test the two SGS models developed in previous sections a posteriori in LES of com- Point-wise comparisons at one time instant, "a priori tests," are of limited utility since their results often contradict "a posteriori" test results (cf. Piomelli et al. [20] ). We therefore focus on comparing global, statistical quantities. We first compare the decay of turbulent kinetic energy (TKE). We point out that correctly predicting the total TKE is essential since it is a measurable quantity not affected by the details of filtering procedure. Correctly predicting the SGS TKE is even more important in compressible flows. In compressible flows SGS TKE must be explicitly modeled and consequently it can significantly affect the evolution of velocity fields. As it can be seen in Fig. 2 and Fig. 1 the nonlinear and the stretched-vortex model accurately predict the decay of TKE. In these figures the time t was nondimensionlized using the eddy-turnover time, τ . Evolution of both total TKE and the SGS TKE A more detailed comparison of LES and DNS results is achieved by comparing TKE spectra. The TKE spectra are presented in (Fig. 4 and Fig. 3 ). In both figures four lines represent spherical-shell-averaged spectra obtained from LES, each at instant in time approximately one eddy-turnover time apart from the previous one. While the nonlinear model provides correct energy transfer from large, resolved toward small, unresolved scales of motion, at later times it incorrectly redistributes TKE among different wave modes. TKE accumulates near the cut-off wave number and a spectral cusp develops. Similar spectral behavior can be observed when the stretched-vortex model is used (Fig. 3) . However, the cusp near the cut-off wave number is less pronounced. General features of evolving largescale TKE spectra are captured well by LES using the stretched-vortex model.
To study the effects of the order of the differencing scheme on LES results we carry out LES of decaying isotropic turbulence using compact differences of different orders of accuracy. The accuracy of the schemes varied from the second to the tenth order. As shown in section III on periodic domains each compact differencing scheme implies a filter form given by Eq. (3.5). Filter forms depend on the order of compact differences with the filter corresponding to the tenth order scheme being closest to the wave cut-off filter. In Fig. 6 and Fig. 5 we present the decay of TKE as a function of the order of the scheme.
Although the details of the decay of TKE depend on the model used, in both cases reducing the order of the scheme results in the reduction of the TKE decay rate. Since lower order schemes are considered to be more dissipative this result may seem contraintuitive. However, lower order compact difference schemes imply filters which more efficiently filter out small scales reducing enstrophy levels thus reducing physical dissipation rates. Results obtained using as low as the fourth order schemes can still be considered satisfactory. However, the second-order-scheme results cannot be considered acceptable.
B. Alignment of Subgrid Stress Eigenvectors
When linear, Smagorinsky-type SGS models are used eigenvectors of a subgrid stress are locally implicitly aligned with eigenvectors of the resolved strain rate tensor. However, a priori test in which subgrid stresses are computed by filtering DNS data show that this implicit modeling assumption is not valid. In a priori tests DNS data are split into resolved and subgrid components and consequently all the relevant instantaneous subgrid quantities can be computed explicitly. Once the exact instantaneous subgrid stresses are computed different correlation coefficients between the stresses and modeled subgrid stresses can be computed. Piomelli et al. [20] pointed out the limitation of the a priori technique is that it does not account for the dynamic effects of the subgrid models and therefore cannot represent a definitive test of a subgrid model. Instead one can attempt to study basic structural properties of subgrid stresses with respect to the large scale characteristics of the flow field.
The development of three-dimensional measurement techniques such as holographic particle velocimetry (HPIV) made possible performing a priori tests and studying the interactions and alignments between large-scale and small-scale quantities using experimentally obtained velocity fields. Tao et al. [21] [22] [23] used HPIV measurements to study the alignment of the eigenvectors of actual and modeled sugbrid stresses with respect to the eigenvectors of the resolved strain rate tensor and the resolved vorticity vector. Tao et al. have confirmed that the preferred alignment of the strain-rate eigenvector corresponding to the intermediated eigenvalue and with the vorticity vector previously observed using DNS data. They have also found a strongly preferred relative angle between the most compressive resolved strainrate eigendirection and most extensive subgrid stress eigendirection.
We use DNS of compressible isotropic decaying turbulence [1] to analyze the energy transfer between large and small scales of motion. We first analyze the energy transfer and study the effects of implicit filters associated with compact differencing schemes. In Fig.   7 we present probability distribution of subgrid kinetic energy transfer, τ ij S ij , obtained by filtering DNS data using a wave cut-off filter (k c = 16). Probability distribution of the kinetic energy transfer corresponding to LES with the stretched-vortex and the nonlinear subgrid model are presented in Fig. 8 . In both LES cases we used the 10th order Padè scheme.
In linear subgrid stress modes such as Smagorinksy model as well as the basic dynamic subgrid model [7] on tensorial level subgrid stresses are represented as a linear functional of a strain rate tensor. Such models can reproduce backscatter of energy from small, unresolved scales of motion toward large, resolved scales only by allowing for a negative eddy viscosity.
This often results in numerical stability problems. Also linear subgrid imply a perfect alignment between the eigenvectors of the subgrid stress and the resolved strain rate tensor.
We first examine the alignments computed by filtering DNS of compressible isotropic decaying turbulence. We have again used wave cut-off filter with the cut-off wave number of k c = 16. From Fig. 9 it is clear that similar to incompressible, compressible isotropic turbulence exhibits preferential alignment of the resolved strain rate eigenvector corresponding to the intermediate eigenvalue with the resolved vorticity. The results of LES with both, the stretched-vortex model and the nonlinear model reproduce the general trends of the probability densities but the preferential alignment is less pronounced (Fig. 10 and Fig.   11 ).
In contrast to eigenvectors of resolved strain-rate tensors, eigenvectors of subgrid stress tensors computed from DNS display negligible preferential alignment with resolved vorticity (Fig. 12) . In Fig. 13 we observe that the stretched-vortex model results in perfect alignment between the most extensive eigendirection of the subgrid stress. Similar analysis of the nonlinear model (Fig. 14) shows that it results in correct trends of alignment for two eigenvectors but fails to correctly predict a slight preferential alignment of the resolved vorticity and the most compressive eigendirection of the subgrid stress (Fig. 14) . However, comparing the alignment of the eigenvectors of the resolved strain-rate tensors and the subgrid stress tensors computed from DNS and obtained from LES with the nonlinear model (Fig. 15) shows that the nonlinear model in essence captures the relative angle of about 34 o between the most compressive eigendirection of the resolved strain-rate tensors and most extensive eigendirection of the subgrid stress tensors (Fig. 17) . In addition to that both subgrid model correctly predict alignment trends between different eigenvectors of the resolved strain-rate tensors and the subgrid stress tensors (Fig. 16 ).
VI. SUMMARY
We developed two SGS models for LES of compressible turbulent flows. These two phenomenological models: the nonlinear model and the stretched-vortex model were tested a posteriori in LES of compressible isotropic decaying turbulence. The LES results at 32 3 grid points were compared to DNS results at 256 3 resolution (Samtaney et al. [1] ). Both models accurately predicted the decay of turbulent kinetic energy. Simulations using the stretched-vortex also resulted in accurate prediction of the evolution of TKE spectra while those using the nonlinear model exhibited a high-wave-mode pile up at later times. To test the effect of the order of a numerical scheme on LES we used compact difference schemes of varying order (fourth to tenth) as well as the second order centered scheme. Independently of the SGS model used in, the performance of the second order scheme is not satisfactory. In this case due to the highly dissipative second order scheme dissipative scales are smoothed out resulting in underprediction of the TKE decay rate. Also, the effect of SGS model are negligible because of the dominant effect of numerical dissipation. We therefore conclude that using a higher order scheme in large-eddy simulations is essential in order to accurately predict the statistics of the evolution of large scales in turbulent flows.
We analyzed the energy transfer induced by the two subgrid models. While both subgrid models are able to represent the backscatter of energy they both underestimate its level resulting in energy transfer probability density that is much narrower compared to the one computed using DNS data and corresponding to the equivalent filter. We have also tested the ability of the two subgrid models to reproduce the observed alignments of eigenvectors of subgrid stresses with respect to eigenvectors of resolved strain rate tensor and vorticity 
